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Abstract. A mini-review of the classical theory of heterogeneous nucle-
ation at planar walls is given, and tests by Monte Carlo simulations for
simple models of colloidal suspensions exhibiting a fluid-solid transi-
tion are described. This theory (due to Turnbull) assumes sphere-cap-
shaped “sessile” droplets at the substrate, and the nucleation barrier
that appears in the classical theory of homogeneous nucleation then
is reduced by a factor depending on the Young contact angle. Var-
ious approximations inherent in this theory are examined: curvature
corrections to the interfacial free energy of small droplets; neglect of
anisotropy of the surface tension between crystal and fluid; neglect of
corrections due to the line tension of the three-phase contact line; con-
tinuum rather than atomistic description. Also the problem of precise
identification of the particles belonging (or not) to the “droplet” is dis-
cussed, and an alternative concept of extracting droplet properties from
an analysis of finite size effects on phase coexistence in finite simulation
boxes is explored. While the focus of our treatment is on the Asakura-
Oosawa model of colloid polymer mixtures, also simple Ising/lattice
gas models are considered to test some of these questions.

1 Introduction

Homogeneous nucleation considers the spontaneous formation of a (nanoscopic)
domain of a new phase, that will be stable under the considered thermodynamic
conditions, due to statistical fluctuations occurring in a metastable phase [1-3].
Under many conditions, the free energy barrier that needs to be overcome in such
a (rare!) nucleation event is of the order of 50kgT (kp = Boltzmann’s constant,
T = absolute temperature), even if the nucleus contains only of the order of
100 particles. Thus experimentally “heterogeneous nucleation” where heterogeneities
in the system lead to lower free energy barriers often is more relevant than homo-
geneous nucleation. Such heterogeneities may be ions or dust particles, when one
considers nucleation of ice crystals in the atmosphere, or simply the walls of a
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container when one considers solidification of a metallic melt, or nucleation at grain
boundaries or dislocations in nucleation processes from metastable solid phases.

In the present paper we wish to consider only the idealized but generic case of
nucleation of a crystal from a fluid phase at a perfectly flat and structureless planar
wall, assuming conditions of incomplete wetting [4,5]. We focus on colloidal crystals
for several reasons: (i) Due to the large size of colloidal particles, the corrugation
of the substrate surface (on the atomistic scale) can be safely neglected, unlike the
case of nucleation of crystals formed from atoms, where the possible misfit of the
lattice periodicity of the crystal and the substrate needs to be taken into account.
(ii) Crystal-fluid interfaces in colloidal systems can be observed experimentally by
confocal microscopy with resolution on the single particle level [6]. (iii) Interactions
among colloidal particles are tunable to a large extent (see e.g. [7]). As an exam-
ple, here we shall focus on colloid-polymer mixtures [8-10] which can be described
by the simple Asakura-Oosawa (AO) model [11-13] or its variants (e.g. [14]). The
colloidal particles in the AO model are just described as hard spheres of diame-
ter 0., and the polymers as soft spheres of diameter o,. While colloid-colloid and
colloid-polymer overlap is strictly forbidden, polymer coils in good solvents can in-
terpenetrate each other with little [14] energy cost (this energy cost is completely
neglected in the AO model [11-13] so polymers behave like ideal gas particles). The
presence of the polymers causes an entropic depletion attraction among the colloids.
The range of this attraction is simply o0, and the strength is controlled by the concen-
tration of the polymers (or their fugacity, respectively). If no polymers are present, the
archetypical case of the simple hard sphere fluid emerges as a special case. While hard
sphere fluids are a popular model for the study of homogeneous nucleation (see e.g.
[16-18]), extensions of these studies to heterogeneous crystal nucleation at hard walls
(e.g. [19-21]) are problematic, since there is evidence for complete wetting [22] of face-
centered cubic crystals when close-packed planes are stacked at planar walls at the
coexistence pressure of liquid-solid coexistence. If such a complete wetting occurs,
one expects that crystal growth triggered by the wall should be possible without
the need to overcome a nucleation barrier. Therefore, as will be shown in the present
mini-review, use of the AO model is advantageous, because due to larger values of the
liquid-solid surface tension it is easier to establish a situation of incomplete wetting
[23,24].

We also note that for the gas-liquid type phase transition that occurs in the AO
model for large enough values of the ratio ¢ = o,/0. (¢ > 0.25) variation of the
range of a soft repulsive wall potential allows a convenient control of the contact
angle 0 of colloid rich droplets, from 6§ = 0 (complete wetting) to § = = (complete
drying) [25,26]. It has been suggested [27] that tunable repulsive interactions between
colloidal particles and walls could be created by coating the latter with a layer of
grafted polymers (a “polymer brush” [28,29]); varying the grafting density and the
molecular weight of the grafted polymers one can control the brush height [28,29] and
hence the range and strength of the repulsion. As is well-known, this mechanism is
also used for the stabilization of colloidal dispersions [30]. Thus, we emphasize that
the topic that is reviewed here is relevant for possible experiments on colloid-polymer
mixtures (though the experiments on nucleation phenomena in colloidal systems so
far have focused on systems that can be approximately modeled as simple hard sphere
systems [31-33]).

The outline of this mini-review is as follows: in Sect. 2, we summarize the main
statements of the classical theory of homogeneous [1-3] and heterogeneous [34-37]
nucleation, with an emphasis on the inherent assumptions and their possible limita-
tions. In Sect. 3, we describe the model that is studied and in Sect. 4 we describe
briefly how the relevant interfacial and wall excess free energies can be estimated.
Section 5 reviews a simulation of wall-attached crystalline droplets [24], which are



Heterogenous Nucleation and Microstructure Formation 349

studied both by a “thermodynamic” method (that previously had been validated for
the Ising/lattice gas model [38,39]) and by a “microscopic” identification of the crys-
talline droplet in terms of local order parameters distinguishing particles belonging
to the fluid from those belonging to the crystal [40-42].

Section 6 then discusses possible shortcomings of the approach that still may need
to be investigated in the future, namely (i) curvature corrections to the interfacial
free energy of a droplet, (ii) corrections due to the anisotropy of the crystal-liquid
interfacial free energy and resulting nontrivial shape of the “droplet”, and (iii) effects
due to the excess free energy of the three-phase contact line (“line tension” [43-48])
where the crystal-fluid interface meets the wall. Section 7 then briefly summarizes
our conclusions.

2 Classical theory of homogeneous and heterogeneous nucleation

The classical theory of nucleation addresses the limit where nucleation can be de-
scribed as a steady state process, where a system in a metastable state slowly trans-
forms by formation of nuclei of the new phase, at a “nucleation rate” given by an
Arrhenius formula

J = wexp[-AF*/kpT]. (1)

The prefactor w contains kinetic factors (rates at which single particles are incor-
porated into a nucleus, etc.) [1-3,49], while the free energy barrier AF* that needs
to be overcome in a nucleation process, for homogeneous nucleation is traditionally
described in terms of a competition between a bulk term, proportional to the volume
V of the nucleus (V = 47R3/3 when one assumes the nucleus to be spherical) and
a surface term proportional to the surface area A (=4wR?). Then the formation free
energy AF(R) is written as

3

4R
AF(R) = ApV +94 = ~8(pe = po) (5 ) + a2 )

where v is the interfacial tension between the nucleus and the surrounding fluid
phase. According to the standard “capillarity approximation” [1-3,49] ~ simply is
taken as the surface tension associated with an (infinite) planar interface between
the bulk coexisting phases (which have the densities p. (crystal), py (liquid), and
must have zero chemical potential difference, Ay = 0). The bulk term ApV describes
the gain in thermodynamic potential of the stable phase relative to the metastable
phase, and is linearly expanded in Ay at phase coexistence in Eq. (2). Minimizing
O(AF(R))/OR = 0 yields the critical radius R* and the free energy barrier AFy,
against homogeneous nucleation,
* 27 * 47T *2
B = oo —pey Bfwem =3 7 ®)

Obviously, Eq. (3) relies on the assumption that macroscopic descriptions in terms
of bulk and interfacial free energy densities still can apply to nanoscopic droplets
(which for physically relevant barriers may contain only of the order of 10? to
103 particles); both a possible dependence of + on the radius R of the nucleus [50-68]
and a deviation of nucleus shape from spherical due to the anisotropy of v are ne-
glected; and it is also neglected that steady state nucleation [49] is an idealization: it
takes a time lag 74 after the quench (by which the system is brought from an equilib-
rium state into the metastable state with a supersaturation S = p/pg—1 > 0) to reach
the “metastable equilibrium”; however, “metastable equilibrium” is an idealization,



350 The European Physical Journal Special Topics

since nucleation and growth leads to a (slow) decay of the metastable state, so Ay is
not strictly constant but slowly decaying with time, and finally the volume fraction
of the system that still belongs to the metastable state shrinks [49] and ultimately
vanishes. But a full treatment of this transient kinetics is very difficult (e.g., hydro-
dynamic interactions between particles in a colloidal dispersion have been shown to
play a significant role [69,70]) and shall not be considered here further.

We now consider the extension of Eq. (3) to heterogeneous nucleation at a planar
wall, assuming partial wetting of the crystal at fluid-solid coexistence, so Ay = v,,5 —
Yws < 7. If again the dependence of v on the orientation of the interface (relative
to the crystal axes) is neglected, one can use Young’s equation for the contact angle
[4,44,71]

yecosh = Ay (4)

and then the shape of the critical nucleus is simply a sphere cap [34,35], the sphere
radius still being given by R* [Eq. (2)], but the barrier AF}, is reduced by a factor
f(6), namely [34,35]

AFy,, = AF;, £(0), f(0) = (1 —cosf)?*(2+ cosb)/4. (5)

Obviously, such a continuum description of a crystalline nucleus containing of the
order of 102 to 10® particles is questionable: For a face-centered cubic crystal, we
expect an ABCABC-type stacking of close-packed planes parallel to the wall, and it
is not at all obvious, that the surface of the nucleus is well approximated by a sphere
cap; in fact, also the assumption of a facetted crystal surface could be made [71-73].
In addition, a correction due to the three-phase contact line must be expected [74-76]
and this expectation is in agreement with simulations of wall-attached droplets in the
lattice gas model [38,39]. Thus, it is a nontrivial question whether Egs. (4), (5) are
useful for crystal nucleation at substrates.

In the following chapters we will determine individual contributions to Egs. (3)—(5)
in an attempt to test the classical Turnbull description. To this extent we determine
in chapter 3 and 4 interfacial tension and required contact angles. In chapter 5 we
outline an independent measure of the surface free energy using the Laplace pressure,
which can be compared to Turnbull predictions.

3 The Asakura-Oosawa model in the small polymer limit

If the ratio of polymer and colloid diameters ¢ = o0,/0. is sufficiently small, ¢ <
0.154, the equilibrium properties of the system can be exactly reduced to those of an
equivalent one-component system, where the degrees of freedom of the polymers are
integrated out, to yield an effective attractive potential among the colloids, given by
(r is the distance between two colloid centres) [77]

3r r3

20.(14q) + 203(1 + q)31°

UCC(T)/kBT:—n;(1+1/q)3 1- o<1 <0o.(l4q),

(6)

while Ue.(r < 0.) = 0o (overlap of hard spheres being forbidden) and U, (r > o.(1 +
q)) = 0. Here ), = (707 /6)2,, 2, being the polymer fugacity, controls the strength
of the attraction, and hence plays essentially the role of inverse temperature when
one considers the phase diagram. While for ;=0 the model reduces to the simple
hard sphere fluid, for which the colloid packing fractions n = (w02 /6)p at liquid-solid
phase coexistence are (see e.g. [78] and references therein) ny = 0.492, 7. = 0.545,
and the normalized pressure peoe, at phase coexistence is peoer = 11.576(6) kT /o?2.
Of course, a meaningful study of nucleation is only possible when the properties of
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Fig. 1. Snapshot of a typical configuration of a crystal (red)/liquid (blue) slab for the
interfacial velocity method. The lateral dimension is chosen as L, = L, = L = na, with a
being the lattice constant and L, = 5L to avoid interactions between the interfaces (green)
via periodic boundary conditions. Details can be found in [78].

the system at phase coexistence are very accurately known. For this purpose, the
“interfacial velocity” method (see also [79] and references therein) was used: one
studies an elongated system (L x L x 5L) with periodic boundary conditions through-
out, where part of the system is a crystal and part the fluid, with two close-packed
parallel L x L crystal-fluid interfaces. L is chosen such that the periodic bound-
ary condition does not create any elastic distortion of the crystal at the considered
pressure p, so L is commensurate with the crystal lattice. If p < peoesz, the volume
fraction of the crystal shrinks (on average, considering a large number of Monte Carlo
runs in the NpT ensemble); if p > Deoes, it grows (see [78,79] for computational de-
tails). Also the absence of significant size effects on peoes, 1y, 7. for large enough
L has been verified [78,79]. Choosing now (for ¢ = 0.15) nonzero values of n;, one
observes a widening of the two-phase coexistence region with increasing 7,. For in-

stance, for n, = 0.10 phase coexistence occurs at peoer = 8.00 + 0.03 kBT/Jg’ and
Ny ~ 0.494, n. ~ 0.64. While in the hard-sphere case numerous other studies exist in
the literature (see [78,79] for references), and excellent agreement with the literature
data was found, Ref. 78 gave the first application of this technique for the AO model.
Recently, an extension of the approach to a “soft” variant of the AO model has been
developed [80].

4 Estimation of wall excess free energies and surface tension

There exist numerous methods to study the wall excess free energies of fluid systems
(see [23,81] for thorough comparisons of various of these methods), but most of them
cannot be straightforwardly applied to wall excess free energies of a crystalline solid.
Thus, a new approach has been developed (motivated by [82]), which is equally well
suited for the estimation of wall excess free energies of both fluids and solids, the so-
called “ensemble mixing method”. One gradually transforms from a system without
walls in the NVT ensemble, with periodic boundary conditions in all three space
directions, to a system with two parallel walls at distance D from each other. For this
system, periodic boundary conditions in the directions parallel to the walls are used.
The volume is V = L x L x D in both systems. One then constructs a system whose
Hamiltonian is a mixture (at fractions x,1 — k) of both Hamiltonians H;(X), H2(X);
note that both systems have the same configurational phase space points X. Thus,

H(X) = (1 — k)H1 (X) + kH2(X), &€ [0,1]. (7)

In practice, « is discretized into a set of e.g. 100 discrete values {k;}, and, in addition
to the standard Monte Carlo moves X — X', also moves where k; changes to a
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Fig. 2. Schematic description of the “ensemble mixing method”. Periodic boundary condi-
tions in z and y-direction are used and the simulation box is L x L x D in size. k denotes
the mixture between the two Hamiltonians H; and H2. In this case kK = 0 corresponds to
a state with periodic boundary conditions in all directions, whereas x = 1 corresponds to a
state with walls in the z-plane. For further details see Deb et al. [81].

neighboring value x;_1 or ;11 are considered and subjected the standard Metropolis
test [83]. One samples the relative probability P(¢) to reside in state ¢, with a variant
of Wang-Landau sampling [85] or successive umbrella sampling [84]. The free energy
difference between the two states ¢ and i+1 then follows from kgT'[ln P(i)—In P(i+1)].
In this way the free energy difference AF (D) for any given choice D between a system
with walls and without walls can be sampled. The wall excess free energy per unit
area and kg7 then is

Yo = Jim AF(D)/(2L*kgT). (8)

Due to the excess density p, at the walls, which in general is present at any systems
with walls, so that p = N/V = p, + (2/D)ps, for any finite D the bulk density of
the system with periodic boundary conditions (which is p by construction) will differ
from the bulk density pp in the system with walls slightly. Thus an extrapolation
towards D — oo is required (Fig. 3). This method works well also for the wall tension
of the crystal, and hence the quantity A~ that enters Young’s equation, Eq. (4), can
be determined (Fig. 4).

Since already the estimation where the fluid-solid transition in the bulk is located
has been based on studying the coexistence of fluid and solid domains separated by
planar interfaces (Sect. 3), it is convenient to study the capillary waves that one
expects to occur for rough interfaces [44] and extract an estimate of the interfacial
stiffness 4 either from an analysis of the capillary wave spectrum [86-90] or the
size-dependence of the interfacial width [78,79,86,89,91,92]. Note that the interfacial
stiffness appears as energy parameter in the capillary wave Hamiltonian [44,93-95]
that describes interfacial fluctuations

L L
1
Hew = SkpTYy / e / dy[Vh(z,y)]” 9)
0 0

where h(z,y) is the height of the interface relative to its average position (which we
define as the plane z = 0). By introducing Fourier transforms h(q), where q = (¢z, qy)
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Fig. 3. Typical example that shows how wall tensions ~,, s are extracted using the ensemble
mixing method for the AO model, using ¢ = 0.15, 7, = 0.1, L = 8.050, and various
choices of the wall distance L, (here, L, = D). The wall potential is chosen as Uwca(z) =
4e(0w/2)*? = (0w/2)® +1], 0 < 2z < 0,2"/ and ¢/kgT = 2.0, 0y = 0./2. Part (a) shows
the total free energy difference AF(k)/kgT vs. k for n, = 0.4697. Part (b) shows the
extrapolation to 1/D — 0 for several choices of 7, as indicated. The desired wall tension
then is vu5 = AF(0)o2/(2kgTL?). From Deb et al. [81].
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Fig. 4. Wall tensions of the AO model for ¢ = 0.15, , = 0.1 and two choices of the wall
potential mentioned in Fig. 3 (¢/kgT = 1 or 2, respectively, as indicated) plotted vs. the
bulk colloid packing fraction 7. The difference A~y of the fluid and solid wall tensions at
coexistence is indicated in both cases. The horizontal straight lines indicate the two-phase
coexistence region. From Deb et al. [24].

is a two-dimensional wave vector in the plane z = 0, one can easily show that
(@) = 1/(5¢) (10)
and that the mean square interfacial width w? on a length scale L scales as
(w?) = const + (4) ' In L (11)

where the constant contains the (hypothetical! [91]) “intrinsic” interfacial width,
and the small wavelength cutoff of the capillary wave spectrum for small enough
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Fig. 5. a) Packing fraction profile n(z) in the z-direction perpendicular to the walls at z = 0
and z = D, where D = 40. b) Snapshot picture of the crystalline droplet at packing fraction
Ne = 0.512462. From Deb et al. [24].

q, Eq. (10), etc. We also note that for isotropic systems, where the interfacial tension
does not depend on the interface orientation, we simply have 7 = ~.

Now in systems for which v can be extracted from sampling an “order parameter
distribution”, such as Ising models [97], symmetric polymer mixtures [86], or the gas-
liquid-type transition in colloid-polymer mixtures [89], it has been shown that both
Egs. (10) and (11) can be used to obtain estimates for 4 with reasonable accuracy.
Thus Zykova-Timan et al. [78] used Eq. (11) for the AO model to show that indeed
also fluid-crystal interfaces exhibit capillary wave-induced broadening, and estimated
25 = (0.95+0.05) for the AO model discussed in Sect. 3. Together with the estimates
for A~, one can then use Young’s equation, Eq. (4), to obtain the estimate for the
contact angle in this case, namely 6 ~ 70°.

5 A Simulation of wall-attached crystalline droplets

In this section, we briefly review a simulation of the AO model of Sects. 3,4, in
an L x L x D geometry with two L x L walls a distance D apart, choosing again
the same wall potential as in Fig. 3, with € = 1, typical linear dimensions being L =
39.60650., D = 40.31380.. Packing fractions 7 inside the two-phase coexistence region
were chosen (e.g. n = 0.512462), and systems were simulated that did contain one
“prefabricated” wall-attached crystalline “droplet”, the volume of which was chosen
according to the lever rule, using the known packing fractions 7y, 7. at fluid-crystal
coexistence. Figure 5 shows that after suitable equilibration indeed wall-attached
droplets of approximately sphere-cap shape are obtained. One can see that at the
wall at z = 0 there is a well-developed layering of the packing fraction up to about
z = 17, due to the presence of the crystalline droplet, while at the opposite wall there
occurs only a rapidly decaying layering, typical for a fluid near a wall under partial
wetting conditions. The distance between the peaks of 7(z) in the droplet reflects
precisely the expected spacing, when one has a stacking of densely packed triangular
crystal layers in the ABCABC... sequence, as appropriate for face-centered cubic
(fce) crystals.

In order to identify which particles belong to the crystalline nucleus in a particular
configuration the Steinhardt order parameters [40—42] were used. They are defined in
terms of the spherical harmonics Yy, as

1 Y9 ar
amli) = 3 2 Yemei), 0@ = (577) X lam@F (1)
j=1 m=—/{
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where N (7) is the number of nearest neighbors of particle ¢, and r;; the distance
vector between i and j. Note that G4(i) (gg(¢) refers to the averaged Steinhardt order
parameter) in the fcc structure has a sharp peak at about gg4(7) ~ 0.56, while g,(7)
in the fluid has a broad peak centered about gg(i) &~ 0.15. Of course, in the interfa-
cial region the distribution of G4(i) strongly broadens, and there is some inevitable
arbitrariness which particles are still counted as belonging to the nucleus, or not.
Nevertheless, it is gratifying that (in spite of large fluctuations) rather reasonable
results for the average number of particles in the nucleus, the basal radius of the
nucleus, the height H of the nucleus, and the contact angle # were obtained, that
were mutually compatible with each other in the framework of the assumption of a
sphere cap nucleus shape, which in view of Fig. 5b seems reasonable. (From the num-
ber of particles in the fist crystalline layer adjacent to the basal plane N, the radius
r = +/Ny/par is calculated. Here p4 is the areal density of the cluster base which is

equal to ps = 4/v/3(67,, /47)(2/3). From the total number N* of particles in the crys-
talline cluster one obtains the height H of the sphere cap via N* = n,, H(3r> + H?).
The contact angle follows as 6 = arccos[(r®> — H?)/(r? + H?)], as stated in Deb et al.
[24].) The result 6 = (70 £ 2)° from this direct observation of the nucleus is in sur-
prisingly good agreement with the prediction of the last section that was based on
Young’s equation.

Finally, we turn to a “thermodynamic” characterization of the nucleus, which does
not need a “microscopic” identification of the particle configuration in the nucleus,
but is based on an analysis of finite size effects in two-phase coexistence. This method
has been used previously with good success to study nuclei in the lattice gas model
[38,39], the Lennard-Jones model of fluids [63,65,67] and binary symmetric Lennard-
Jones mixtures [66,98]. It is based on the fact that the interfaces associated with
phase coexistence in finite systems cause non-negligible excess contributions to both
the thermodynamic potential and its derivatives, and these excess terms contain useful
information, from which interfacial free energies both of flat interfaces [97] and curved
interfaces [38,39,63,65—67,98] can be extracted.

One consequence of these finite-size effects is that intensive variables such as the
chemical potential p or the pressure p, which in the thermodynamic limit must show
a horizontal plateau throughout the two-phase coexistence region, rather exhibit a
“loop” in finite systems. This “loop” has nothing whatsoever to do with van der Waals
loops [99] (which would describe homogeneous phases rather than a two-phase region),
and depends on the shape of the simulation box and on the boundary conditions.
Figure 6 gives a schematic sketch of such a “loop” for the pressure for a (very large)
L x L x L system with periodic boundary conditions.

Using the techniques described by Deb et al. [23,81], the pressure in the fluid
region surrounding the wall-attached droplet in Fig. 5 has actually been measured.
For a droplet radius R* = 14.40 a pressure enhancement p’ — peoex ~ 0.4kpT'/ o3 was
obtained. This result reflects the Laplace pressure effect [44]

pe—p =2v/R* (13)

where p. is the pressure inside the crystalline nucleus. Since the chemical potential
of the crystal and the surrounding fluid must be equal, we find from an expansion
around the coexistence curve

Mc(Pc, T) = ,U'c(pcoexa T) + Uc(pc - pcoex)’ (14)

,U/f(plaT) = Nf(pcoemT) + Uf(pl - pcoex) (15)
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Fig. 6. Schematic description of the loop in the pressure versus packing fraction isotherm
at a liquid to solid transition in a finite but very large simulation box. Note, however, that
the transitions between the various regions shown are not sharp but rounded. At a pressure
p’ > peo We may have a homogeneous phase at 7' > 1y (which would be metastable for
L — oo, but is stable for the chosen value of L), and in addition there occurs a state where a
(spherical) solid “droplet” coexists with surrounding fluid having the same packing fraction
n’ and pressure p’. Adapted from Deb et al. [24].

where v., vy are the volumes per particle taken in the coexisting crystal (c) and
fluid (f) phases. S0 pc — Peoex = (V/Ve)(P' — Peoex), and combining this result with
Eq. (13) yields [100]

2y ny

=7 ~ 0.44kgT/c3. 16
R* 1. —ny BT/o (16)

DPf — DPcoex =

Within the rather large errors of both the estimation of p’ — pcoex and 4 (both quanti-
ties are known only within a relative statistical error of about 10%,), thus reasonable
agreement is found.

Nevertheless, an immediate conclusion is that one needs to improve the accuracy
of both estimations of 8, 4, and p’ (and also a direct estimation of p¢(p’,T') would be
desirable!) before one can proceed further; but this must be left to future work.

6 The need of going beyond the classical theory

Here we briefly discuss a few problems that have not yet been addressed for fluid-
crystal nucleation, but have been found to be relevant for gas-liquid nucleation and
or/nucleation in the lattice gas model.

(i) Curvature dependent surface tension y(R): already Tolman [50] has suggested
that the surface tension of a spherical nucleus depends on its radius of curvature, and
suggested that

Y(R) =v(R = o) /{1 +25/R+2(¢/R)*}, R — o, (17)



Heterogenous Nucleation and Microstructure Formation 357

where 7(R = o0) is a standard surface tension of planar interfaces, and the leading
correction involves the “Tolman length” §. Tolman [50] suggested that § is of the order
of a particle diameter, and positive for droplets; the subleading correction involves
another length ¢, and Tolman [50] assumed § and ¢ to be of the same order. These
suggestions have been controversial for many decades [51-68], but now an agreement
is emerging that § is much smaller than the molecular diameter, and negative for
droplets (and hence positive for bubbles) [67]; only certain lattice models show a
different behavior [68]. Since § increases only weakly when the gas-liquid critical point
is approached [61], actually the subleading term (since ¢ diverges at T, proportional
to the correlation length of density fluctuations) dominates in the critical region [66].
However, further work is needed to clarify the role of logarithmic corrections to Eq. (2)
due to capillary wave fluctuations of the nucleus surface, translational entropy of the
nucleus, etc. Note that sometimes a Tolman length depending on the droplet radius
R is considered [67]; the Tolman length above is then understood as the limiting value
for infinite radius.

(ii) Dependence of interfacial excess free energy -y(n) on the orientation of the
unit vector along the interface normal (n) relative to a lattice direction: this problem
could be rather relevant for fluid-crystal interfaces, and clearly is very relevant for
the lattice gas model at low enough temperatures. E.g., in the latter case one can
study [101] the gradual crossover of nucleus shape from a sphere to a cube (with
rounded edges and corners at T > 0) as the temperature is lowered. Since according
to the classical theory the free energy barrier AF}, =~ can be written for arbitrary
nucleus shape as [101] AFy. = = 1(p, — pg)ApV*, a simultaneous estimation of the
nucleus volume (from the lever rule for the finite simulation box) and the chemical
potential enhancement Ay (using a lattice version of the Widom particle insertion
method [102]) allows to study the enhancement of AF},  relative to the prediction of
the classical theory that assumes a spherical shape [101]. While this enhancement is
rather small when 7' clearly exceeds the roughening transition temperature Tg [103],
for T' < Tg the enhancement rapidly rises for ' < T to reach its maximum value (for
cubic nucleus shape) 6/m for T' = 0 [101]. This method to obtain AF}  relies on the
principle that in equilibrium the chemical potential must be homogeneous throughout
the system, irrespective of phase coexistence: thus, an actual determination of the
crystal shape is not required. The latter task would require a complete knowledge
of the angular dependence of y(n), so that the Wulff construction [71,104] can be
carried out. It is defined by the set of points W = {z : x-n < ¢(n)} in the bulk
and [72,73] W = {z : x-n < 5(n)} for wall-attached crystals. Here 5(n) = Ao if
n is oriented along the negative z direction and o(n) otherwise. However, it is not
straightforward to carry out this construction in practice.

Another consequence of this anisotropy is a systematic distinction between in-
terfacial free energy and interfacial stiffness. We discuss this point here only for
interfaces that coincide with lattice planes, such as the plane z = 0 in the simple
cubic lattice model, and consider an interface tilted by a small angle 9 relative to
this interface, which then has an interfacial free energy ~(¢). For T > Tr we have
v(9) =7(0) + 1x¥?, and F(0) = v + & (see e.g. [105]).

Finally, we note that for such anisotropic interfaces Young’s equation Eq. (4) for
contact angle no longer holds, and gets replaced by [106]

dy(9)
do

~v(6) cos 6 — sinf = An. (18)

(iii) Effects due to the line tension 7: an obvious generalization of Eq. (5) is [74-76]

AF . = AF L f(0) + 27T, (19)
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where r is the basal radius in the plane z = 0 of the wall attached droplet. For the
lattice gas model at T distinctly larger than Tk, the numerical data of the simulations
[38,39] seem to be compatible with Eq. (19), if for AF},  the curvature corrections
in y(R) are included {Eq. (17)}. However, including both line tension and anisotropy
effects together still remains to be done, even for the simple case of the lattice gas
model.

7 Conclusion

In this mini-review, first steps to study heterogeneous nucleation barriers for
wall-assisted heterogeneous nucleation of colloid crystals in colloid-polymer mix-
tures were described, in the framework of more general theoretical considerations.
It was shown that the fluid-crystal interface in the Asakura-Oosawa model for
colloid-polymer mixtures is rough, and hence planar interfaces exhibit capillary-wave
induced broadening, while wall-attached crystalline nuclei do have approximately a
sphere-cap shape, for conditions where the crystalline phase exhibits partial wetting
of the planar wall. Therefore the classical Turnbull description {Eq. (4)} is a useful
starting point, at least for very large nuclei it provides a first orientation. However,
the accuracy with which crystal-fluid interfacial tensions and their dependence
on interface orientation relative to the crystal axes can be determined still needs
significant improvement, before a more systematic test of the theory is possible. For
simpler models (lattice gases, gas-liquid transition of Lennard-Jones fluids, etc.) it
has been found that effects due to the line tension and curvature corrections to the
interface tension also matter, and are expected to play a role for the liquid-to-solid
nucleation as well. It has been shown that some of these problems can be by-passed,
via estimation of intensive variables (chemical potential, pressure) whose finite-size
effects give direct information on the free energy barriers caused by the interfaces
that need to be formed in heterogeneous nucleation events. Finally, also aspects of
nucleation kinetics need to be addressed as well.
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laboration on some aspects of this work. This research was supported by The Deutsche
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edges support by the Austrian science fund (FWF) Project P22087-N16.
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